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Abstract 

Sharp asymptotic for norms of Fourier projections on compact homogeneous 
manifolds M d (for example, the real spheres § d , the real, complex and quater- 
nionic projective spaces P d (R), P d (C), P d (IHI) and the Cayley elliptic plain 
P 16 (Cay)) are established. These results extend sharp asymptotic estimates 
found by Fejer [5] in the case of S 1 in 1910 and then by Gronwall [B] in 1914 in 
the case of § 2 . As an application of these results we give solution of the problem 
of Kolmogorov on sharp asymptotic for the rate of convergence of Fourier sums 
on a wide range of sets of multiplier operators. 
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1 Introduction 

Let M d be a compact globally symmetric space of rank 1 (two-point homoge¬ 
neous space), v its normalized volume element, A its Laplace-Beltrami operator. 
It is well-known that the eigenvalues 9k, k > 0 of A are discrete, nonnegative 
and form an increasing sequence 0 < 9q < Q\ < • • • < 8k < • ■ ■ with +oo the 
only accumulation point. Corresponding eigenspaces H*,, k > 0 are finite di¬ 
mensional, dk = diniH*; < oo , k > 0, orthogonal and L 2 (M d , v) = ©£i 0 Hfc. Let 
{Yj k }j =l an orthonormal basis of H^. Assume that (f> is a continuous function 
(f> € U(M d ) with the formal Fourier expansion 

oo d k 

c k,j{4>) = 

fe=0 j—l 
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Consider the sequence of Fourier sums 


n dk 
k—0 j =1 

The main aim of this article is to establish sharp asymptotic for the sequence 
ll<S'n||c(M d )->c(M d ) as n —> oo. As a consequence we give the solution of the prob¬ 
lem of Kolmogorov on sharp asymptotic for the rate of convergence of Fourier 
sums on sets generated by pseudo-differential operators (multiplier operators) 
on compact manifolds. 

Observe that this set of problems is closely related to the problem of uniform 
convergence of Fourier series on M d . Indeed, let 

E n {(j>) = inf {\\(f> - t n ||c(M+ | tn S T n } 

be the best approximation of a function </> G C(M d ) by the subspace T n of 
polynomials of order < n, T n = ®J ! =0 Hj.. Then, by the Lebesgue inequality 
m we get 

\\4> — IIcCMIO < (l + l|5'n||c(M d )-)-C(M' i )) E n ((j)), 

where ||SV i ||c(M+^c(M+ = sup{||S„( 0 )|| C ( M <j)| || 0 ]|c(m<*) < !}■ It means that 
S n (<j>,x) converges uniformly to 4> if 

lim F/ n (<^>) || |ic(M d )—»C(M d ) = 0. 

n—too v ' 

In the case of the circle, S 1 , the following result has been found by Fejer in 1910 

IlSnllcxs^cys 1 ) = - [ \D n (t)\dt = T Inn+ 0(1). 

J — 7 r 

where D n (t) = l/2 + X)fc =1 cos ^ is the Dirichlet kernel. In the case of § 2 , the 
two-dimensional unit sphere in R 3 , the estimates of ||Sri||c(s 2 )->-C(S 2 ) asn-> oo, 
have been established by Gronwall [5]. Namely, it was shown that 

||5'n||c(S 2 )^C(S 2 ) = n 1/2 J y cot dr/ + 0 ( 1 ), 

= ?r 1,/2 2 3 / 2 7r _1 / 2 + 0(1). 

2 Harmonic Analysis on Compact Manifolds 

We shall be mostly interested here in compact globally symmetric spaces of rank 
1 (two-point homogeneous spaces) and the complex sphere Such manifolds 
of dimension d will be denoted by M d . In particular, each M d can be considered 
as the orbit space of some compact subgroup di of the orthogonal group Q 7 
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that is M d = Q/TL. Let tt : Q —>• Q/TL be the natural mapping and e be the 
identity of Q. The point o = 7r(e) which is invariant under all motions of Tt 
is called the pole (or the north pole) of M d . On any such manifold there is an 
invariant Riemannian metric and an invariant Haar measure dv. Two- 

point homogeneous spaces admit essentially only one invariant second order 
differential operator, the Laplace-Beltrami operator A. A function Z(-) : M d —>• 
K. is called zonal if Z{h~ 1 -') = Z(-) for any h £ Tt. A complete classification of 
the two-point homogeneous spaces was given by Wang [ 12] . For information on 
this classification see, e.g., Cartan [2], Gangolli [5], and Helgason [3[S]. The 
geometry of these spaces is in many respects similar. All geodesics in a given one 
of these spaces are closed and have the same length 2 L. Here L is the diameter 
of Q/TL 1 i.e., the maximum distance between any two points. A function on 
Q/Tt is invariant under the left action of TL on Q/Tt if and only if it depends 
only on the distance of its argument from o = eTt. Since the distance of any 
point of Q/TL from eTt is at most L 1 it follows that a H-spherical function Z on 
Q/TL can be identified with a function Z on [0, L\. Let 6 be the distance of a 
point from eTt. We may choose a geodesic polar coordinate system (0 , u) where 
u is an angular parameter. In this coordinate system the radial part A g of the 
Laplace-Beltrami operator A has the expression 

a -'iWiK)' 

where A(8) is the area of the sphere of radius 9 in Q/TL which can be computed 
in terms of the structure of the Lie algebras of Q and TL (see Helgason [8j p.251], 
(7; p.168] for the details). It can be shown that 


A(9) — Wcr-i-p+iA 

is the area 

of the unit S] 

: 

cr = 0 , p = d 

P d (R) 

: a = 0,p = 

P d (C) 

CN 

1 

II 

b 

P d (H) 

1 

II 

b 


P 16 (Cay) : 


(1) 


and 


( 2 ) 


Applying CD and (O we can write the operator Ag (up to some numerical 

1 


constant) in the form 

Ag = 


(sin A6 , ) cr (sin 2X9)p dO 


(sin A0) <T (sin2A6 l ) p 


dO' 


Using a simple change of variables t = cos2A 9, this operator takes the form (up 
to a positive multiple), 


At = (i - t)"“(i + t)~e±{ l - f) 1+ “(i + f) 1+ ^, 


(3) 
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where 


a = 


<7 + p — 1 
2 



(4) 


For all manifolds considered here a = {d — 2)/2. We will need the following 
statement Szego im P- 60 ]: 

Proposition 1. The Jacobi polynomials y = satisfy the following 

linear homogeneous differential equation of the second order: 


(1 - t 2 )y +(/3-a — (a + /3 + 2 )t)y + k(k + a + /3 + l)y = 0, 


or 

((1 - f)“ +1 (l - t) p+1 y')' +k{k + a + /3+ 1)(1 - t) a { 1 + tfy = 0. 


It follows from the above proposition that the eigenfunctions of the operator A t 
defined in ([3]) are well-known Jacobi polynomials P k a ’^ and the corresponding 
eigenvalues are 6 k = —k(k + a + /3 + 1). In this way zonal "H-invariant functions 
on M rf = Q/TL can be easily identified in each of the five cases above since the 
elementary zonal functions are eigenfunctions of the Laplace-Beltrami operator. 
We shall call them Z k , fc £ N U {0}, with Zq = 1. Let Z k be the corresponding 
functions induced on [0,L] by Zk. Then 

Z k {6) = C fc (M d )P^“ >/3) (cos2A0), k £NU {0}, (5) 

where a and /3 have been specified above. If M d = P d (R), then only the 
polynomials of even degree appear because, due to the identification of antipodal 
points on § d , only the even order polynomials Pjf 1,a \ k = 2m, m £ NU {0}, 
can be lifted to be functions on P d (R). 

In the case of S d we have er = 0, p = d — 1, so that, a = /3 = (d — 
2)/2 and the polynomials Pf. 0 ’^ reduce to P^ d 2 ^ //2,(rf 2 P-' ) which is a multiple 
of the Gegenbauer polynomial pjf 1 ^ 2 . A detailed treatment of the Jacobi 
polynomials can be found in Szego m- We remark that the Jacobi polynomials 
P^ a '^\t), a > —1, /? > —1 are orthogonal with respect to = c -1 (l — 

f)“(l+t)^ on (—1,1). The above constant c can be found using the normalization 
condition f Md dv = 1 for the invariant measure dn on and a well-known 
formula for the Euler integral of the first kind 


B(p, g) = jf 1 e-Hi - O 9 - 1 # = > P> 0 , g> 0 . 

Applying © and a simple change of variables we get 

1 = / dv = f uj a, P {t)dt = c -1 f (\ — f) a (\+t) f:> dt, 
JM d J- 1 7-1 


so that, 



- t) a {\ +t) p dt = 2 q+/3+1 


r(q + i)r(/3 + i) 
r(a + /? + 2) 


( 6 ) 


(7) 
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We normalize the Jacobi polynomials as follows: 

p(a,/3)/-,x _ r(fc + a + 1) 
k 1 ’ T{a + l)T(k + l)' 

This way of normalization is coming from the definition of Jacobi polynomials 
using the generating function Szego [HI p.69]. 

Let L p (M d ) be the set of functions of finite norm given by 


II V 3 lip - II <P lli p (M‘ i ) — 


(Jm<* W{ x )\ p dv(x)) 1/p , 1 < p < oo, 
ess sup \<p\ ,p = oo. 


Further, let U p = {ip \ ip £ L p (M d ), || ip || p < 1} be the unit ball of the 
space L p (M d ). The Hilbert space L 2 (M d ) with usual scalar product (f,g) = 
f M d f {x)g{x)dv(x) has the decomposition L 2 (M d ) = ©^ 0 H*,, where H*, is the 
eigenspace of the Laplace-Beltrami operator corresponding to the eigenvalue 
Ok = —k{k + a + /? + 1). Let {Y^yj^ be an orthonormal basis of H*,. The 
following addition formula is known Koornwinder [9] 


dk 

Y / Y J k (x)Y : k (y) = Z k (cos2\e), (8) 

3 =1 

where 9 = d(x,y). Comparing (JHJ with (0) we get 


dk 

Y j Y k {x)Y k {y) = Z k (cos9) = (cos 2X9). (9) 

3=1 


3 Sets of smooth functions and multiplier oper¬ 
ators on M d 

Using multiplier operators we introduce a wide range of smooth functions on 
M d . Let <p £ L p (M d ), 1 < p < oo, with the formal Fourier expansion 

oo dk 

v ~ E E c k,M) = 

k— 0 j =1 

Let A = {Afc}fe 6 N be a sequence of real (complex) numbers. If for any <j> £ 
Lp(M d ) there is a function / = A(f> £ L g (M d ) such that 

oo dk 

/~E A *E c ^)E> 

k =0 j =1 

then we shall say that the multiplier operator A is of (p, q)- type with norm 
|| A||p g = sup vg;7p ||A^||q. We shall say that the function / is in A U p ©R if 

oo d k 

A <j> = f~C + E A k 

k= 1 3=1 
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where CgK and ip G U p . In particular, the 7 -th fractional integral (7 > 0) of 
a function tp £ Li(M d ) is defined by the sequence Afc = (k(k + a + (3 + l)) -7//2 . 
Sobolev’s classes on M d are defined as sets of functions with formal 

Fourier expansions 


00 dk 

C + + a + /3 + I ))- 7 / 2 £ c k j{4>)Yf, 

fc=1 3 =1 

where G £ R and ||0|| p < 1. Let Z be a zonal integrable function on M d . For 
any integrable function g we can define convolution h on as the following 

h(-) = (Z * g)(-) = I Z(cos(2\d(-,x))g(x)dv(x). 

For the convolution on M d we have Young’s inequality ||(z * <?)|| g < ||z||p||g|| r , 
where 1/q = 1/p + 1/r — 1 and 1 < p, q,r < 00 . It is possible to show that 
for any 7 > 0 the function G 7 = G 7j)? ~ J2kLi(k(k + a + f3 + 1 ))~' y / 2 Z/! with 
the pole 77 is integrable on M d and for any function g £ IF 7 (M !i ) we have an 
integral representation g = C + G 7 * <fi, where G £ R and cf> £ U p . 


4 The Orthogonal Projection 

The main result of this article is the following statement. 

Theorem 1. Let M d = E> d , P d (C), P d (H), P 16 (Cay), d > 2, then 

ll<Sr,||o(M«.)-c(M-) = K,(M d )n {d - 1)/2 + 0 | n(d h) /2> d d = >’ 4 3 } , 


where 

IC(M d ) = n3/2 ^ {d/2) /" /2 ( sin ^) (d_3)/2 ( cos V) x(ud) dv, 


and 


x (M d ) = 


(d- l)/ 2 , 

1 / 2 , 

2 , 

7/2, 


If M d = P d (JBL), d= 2,3, , then 


M d = S d , d = 2,3,4, , 

M d = P d (C), d = 4,6,8, ••• , 
M d = P d (H), d = 8,12,16, - - - , 
M d = P 16 (Cay). 


ll‘S , 2ra|lc(P d (R))-»C(P‘ ! (R)) 


4 n G-i )/ 2 

7 r 3 / 2 r(d/ 2 ) 


fir/2 


(smg^-V^dri + O 


n G-3)/ 2 , 


d = 2,3 \ 
d> 4. j' 


Proof. Consider the case M d = S d , P d (C), P d (H), P 16 (Cay) first. We will 
need an explicit representation for the constant Cfc(M d ) defined in © for our 
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applications. Putting y = x in © and then integrating both sides with respect 
to dv{x) we get 


d k =dimH k =f][ \Y k (x)\ 2 du(x)=C k (M d )P^\l). (10) 

JM d 

Taking the square of both sides of © and then integrating with respect to di/(x) 
we find 


XX(y)l 2 = Ci 

3 =1 


t(M d ) 


lu d 


(- P fc (a ’ / 3 ) (cos(2Ad(x,y))^ dv{x). (11) 


Since dv is shift invariant then 


/M d 


(pj a ’ 0 \c°s(2\d^ E,y)))j dv{x) = c 1 | 


P 


(a./ 3 ) II2 


where the constant c is defined by 0 and (see HH P-68]) 


I PI 


■, P )\\2 


2 (i-tni+tfdt 


2 a+/?+i r(fc + a + i)r(fc + £ + i) 


2/c + a + /3 + l r(fc + l)T{k + a + P + 1)' 
So that, CD can be written in the form 


dk 


£|^ fc (y)| 2 =c- 1 Cj 


—l r '2 /"i^/ir^ a \\ p( a ’P) ii 2 


3 = 1 


Integrating the last line with respect to dv(y) we obtain 

- 1 /^' 2 /'M d \ll p( a >0)\\2 


d k = c C, 


It is sufficient to compare this with (flUl) to obtain 

p(«, 1 s ) (-1 'i 

= 7 ■ 

ipfe 112 


( 12 ) 


We get now an integral representation for the Fourier sums S n ((f>, x) of a function 
<t>eL i(M d ), 

n d k 

Sn{<t>,x) = ^5Z Cfc b(^) y /( X) 

k =0 J=1 


^ / r \ 

J2J2\ <t>(y) Y f(y)My)) Y ji x ) 

fc=0j=l VdM d / 
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n f dk 


)m d 


E J2 Y f(y) Y f( x ) &{y)dv(y) 


fc=0 \j =1 


lu d 


E z k(y)^(y)My) 

k=0 

Kn{x,y)<t>{y)dv{y), 


where 


k=0 


K n {x,y) = Y J Z x k {y). 

By (|5[) and m we have 

n p( a iP) ( i\ 

K n (x,y) = C J2 ||p(a,/3)n2 ( COS 2 Xd ( X ^))' 

Put 


fc =0 ll-ffe 112 


Gn(7,^) = E 


pt' 0] h)Pt' 0) (S) 


fc =0 


IIP, 


(a,/3)||2 


then Szego he p-7i], 




fc =0 


IIP 


(«,/3)||2 


(13) 

(14) 


_ o-a-g-i r(n + a + /3 + 2 ) pfa+i.g),x 

r(a + l)r(n + p + 1 ) " yi) 


(15) 


It means that the kernel function (fT-fl) in the integral representation (1131) can be 
written in the form 


K n (x, y) = c2 “ ^ 1 


r(n + a + /3 + 2) 
r(cc + i)r(n + /3 +1) 


p(°‘+i,P)( C0S 2\d(x,y)). 


Let o be the north pole of M d , then since K n is a zonal function and dv is shift 
invariant, 

l|P,|lc(M d )—>-C(M d ) = SU P \\Sn(<l>, ^)||c(M d ) 

ll^llc(M d ) — 


= sup</ \K n (x,y)\dv(y)\x e 
(.Ju d 

= [ \K n (o,y)\dv(y) 


= c2 


-a- 0 -i r(n + a + /? + 2) 

T(a + l)r(n + /3 + 1) 


\P^ +1 ’^ (cos 2Ad(o, y))\dis(y) 
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-lg-g-fl-l r(w + Q + /? + 2) f 1 
T(a+l)T(n + /3 + l) J_, 

2 - a ~p-i T (n + a + /3 + 2) 


\Pi a+1 ’ 0) (t)\{l-t) a (l+tfdt 

0 


r(a + l)r(n + /3 + 1) J g 
r(n + a + /3 + 2) r 
r(g + l)T(n + /3 + 1) Jo 

In. 


I-Pi a+1 ’ /3 H C0S7 ?)I ^2sin 2 ~ ) (2cos 2 ^ sinrjdr] 


( . 

fj \ 2q!+1 

( v\ 

Ism 

2 ) 

l C0S 2 ) 


2/3+1 


r(a + l) 


(n“ +i + 0(n a )), n —> 00 , 


where 


In = 


J o l-Pn“ +1 ’ /3) (cosr?)| (sinl) ( c °s |) dr]. 

It is known Szego illj p.196] that for 0 < 9 < 71 , 

P^“ + 1 ’ / 3 ^(c°S 77 ) = n -1 / 2 k(tj) cos(Nr] + 7 ) + 0(n~ 3 / 2 ), 

where 

k(? ? ) = tt- 1/2 (sin |) ' (cos|) 


(16) 

(17) 

(18) 


3-1/2 


and 


g +/3 g + 3/2 ci + 1 

IV = n + 1 H--—, 7 =---71 =-;-71. 


2 2 4 

Comparing (USD - USD, applying a simple Tylor series arguments and elementary 
estimates of the derivative of the function 


f ]\ a ~ 1/2 / 77\ / 3 +- 1/2 


+) = (™f) (™f) 


we get 


/n = 


- 1/2 "- ,/! l (-f)“" 2 Hf) 


,/3+l/2 


cos n 


a + /3 + 2\ cZ —|— 1 

77--—? 


d? 7 + 0(n~ 3/2 ) 


f (sin I)”"' 2 (cos 5)'’ + ' /2 d„ 


+ n-' i2 0 


i- 1 / 2 , a = 0 

n _1 , g > 1/2 


, n —> 00 . 


(19) 


Remind that a = (d — 2)/2, d > 2 for any manifold under consideration. 
Put x(M d ) = /3 + 1/2, then from (ITU and (fTUl) it follows that 


where 


ll i ~*/i|lc'(M d )—>c(M d ) — /C(M d n Q+1 / 2 + 0(n a 1 ^ 2 ), 
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= ^i4m l' ^^ 3,/2 ^ x< “‘ ,dr i- 

since a = (d — 2)/2. Hence, 

l| 5 n ||c(M-)-,o(M-) = ICiM^nV-V / 2 + O | n ^/2\ d d > 3 } ■ 

Finally, the value of \(M d ), where M d = § d , P d (C), P d (IHI), P 16 (Cay), can be 
easily calculated using © and dj). 

The case of P d (R) needs a special treatment. In this case a = /3 = (d — 2)/2, 
A = 7 t/(4 L) and the kernel function K% n {x, y) in the integral representation for 
the Fourier sums, 


S 2 n(<p,x)= K% n (x,y)<l>(y)dv(y) 

JP d (R) 


has the form 


K^(x, y) = Y, z 2 k(y) = E C 2 k(P d mP& a) cos( 2 A d(x, y)) 

k= 0 A;—0 


= ^rc 2fc (p d (R))p : 


((d-2)/2,(d-2)/2) 

2k 


k—0 


(cos (^d(*,y))). 


Let the constant c* be such that 


1= [ d u= f w (d-2)/2,(d-2)/2 (t)dt = (c*)' 1 /V - t 2 )^/ 2 dt, 
J P d (R) do do 


then c* = c /2 and 


C l 2fe(P rf (R)) 


c *p((d-2)/2,(d-2)/2)^ 

p((d-2)/2,(d-2)/2) 2 
r Oh 


c p((<*-2)/2,(d-2)/2)^ 
p((d-2)/2,(d-2)/2) 2 

Ob 


where 


p((d—2)/2,(d—2)/2) 
-t Oh 



p((d-2)/2,(d-2)/2) 

J 2 fc 


(1 _ i 2 ^( d - 2)/2 


= 2" 1 || J F > ii d_2)/2,<:d_2)/2) 111 

Let o be the north pole of P d (R), then since K% n is a zonal function and dp is 
shift invariant, 


l|52 n ||a(p-(R)) -7C(P d (M)) — SU P ||*^2ro(0) ||c(P d (R)) 

ll^llc(P d (Jt)) — 1 
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= sup ■ 


(dp<*(R) 

Consider the function 


\ K L(x,y)\dv(y)\ ieP“ 


/P d (R) 


\ K 2n(°,y)\ d v(y)- ( 2 °) 


GL(7,1) = E- l ) “ 


fc =0 


2 A- 

iidr’m 


Since = (—l) fc p^' 3 ’“^(—^ 7 ), Szego [TT1 p.59], then 

^7* / 7 \ _ ^2n(7j 1) + G 2 n(—^7, 1) 

^2ra(7) 1) — -^- 

2- d+1 r(2n + d) / P 2 n /2 ’ (d “ 2)/2) ( 7) + P 2 n Ud ~ 2)/2 \-l) 


Y(d/2)T{2n + d/2) 

2 d r( 2 n + d) 


( p («i/2,( d - 2 )/ 2 ) ( 7 ) + p (( rf -2)/2, d / 2 ) ( 7 ) ) 


r(d/2)r(2n + d/ 2 ) 

where G 2 n(7,1) is defined in (fT5l) . Consequently, (l2()l) takes the form 

l|5 , 2n||c(p<i(R))^C(P< i (R)) 

c2" d r(2n + d) 

~ r(d/2)r(2n + d/2) 

x f P^ /2 ' {d ~ 2)/2 \cos{-nd{o,y)/{YL))) + P 2 { i d_2)/2 ’ d/2) (cos(7rd(o,y)/(4L))) dv(y) 
J P d (R) 

c2~ d r(2n + d) f 1 (d/2, (d-2)/2) /X p((d-2)/2, d/2) n .2x(d-2)/2.. 

" c*r(d/2)r(2n + d/2) J 0 ^ 2 " W + ^ 2 " W U j M 

2~ d+1 r{2n + d) 


T(d/2)r(2n + d/2) 




( 21 ) 


where 


l' n = [ P^ /Ud ~ 2)/2 \t) + P^~ 2)/2 ’ d/2 \t) (1 - f 2 ) (d “ 2)/2 dt 


t/2 


P 2 ( ^ /2 ’ (d (cos 77 ) + P 2 ^ d 2 ^ 2 ’ d ^ 2 \cosrj) (smr)) d l dr) 


Applying (fTSl) we get 


4, = 


1 


t/2 


7T 1 /22l/2 rl l/2 
-d/2-1/2 


/ . 77\- a /2-l/2 / 77\ 

\ Sm 2 ) \ C ° S 2/ 


dr](sinr]) d 1 
— (d—2)/2 —1/2 
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x cos 2 n + 


d/2 + {d-2)/2 + l\ (d/ 2 + 1/2 )tt 


V 


/ n\-(d- 2 )/ 2 — 1/2 / 

+ ( Sin 2 ) ( C0S 2 ) 

{d — 2)/2 + d/2 + 1\ ((d-2)/2 + l/2)7r 

-2-J 77 -2- 

rw-K)^- |) 


— d/2—1/2 


x cos ( ( 2n + 


1 


7 T 1 /2 2 l/2 n l/2 


+ 0(n -3/2 ) 

-d/2-1/2 




cos — cos I I 2n + — ?7 — 


(d + 1)7 




+ sin — cos I I n + — 77 — 


(d — 1)7 


+0(n 


—3/2 \ 


2d/2+l/2 ri r/2 


7r l/2 2 l/2 n l/2 


(sin 77 )^ 


3)/2 


cos I I 2n + 


d-1 


(d + l)7i 


dp 


dr)+0(n~ 3/2 ) 


2^/2+! /-tt/ 2 


[ (sinp^-^^dp + O 
do 


7r 3 / 2 nV 2 Jo 
Comparing GD with the last line we get 


i” 1 / 2 , d = 2 

7i —1 , d > 3 


||*^2n || C(P d (R))—>C(P d (IR)) /C(P^(M)) 71^ 1)72 + O n (d-3)/2 


\ d >3 J ’ 


where 


□ 


/C(P C 


rd 2 


7i 3 / 2 P(d/2) 


(sin 77 )^ 3 )/ 2 d? 7 . 


Remark 1. Let M d = § d ,P d (R),P d (C),P d (H),P 16 (Cay). It is known |2j/ 
that for any 7 > 0, 


KTC(M d )) = sup{£7„(/)| / G TPi(M d )} x 


From the Theorem 1 and the Lebesgue inequality it follows that the Fourier series 
of a function f G (M d ) converges uniformly if 7 > (d — l)/2. In general, let 
A°Afc = Afe, A 3 Afc = A k — Afc+i, A s+1 Afc = A s Afc - A s Afc+i, fc, s G N and 

M ._j (d+ l)/2, d = 3,5,, 

M -\(d + 2)/2, d = 2,4, • • • 


Let A = (Afc}fegN &e a multiplier operator, A : Loo(M d ) —> Loo(M d ) and 
A{7 00 (M <i ) be the respective set of smooth functions, then from the Theorem 
2, JT, p.317] it follows that the Fourier series of a function f G A{7 00 (M d ) 
converges uniformly if 


OO 


lim n (d “ 1)/2 S" |A M+1 A fc | k M = 0, 

l—too • ^ 

k=n +1 
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since E n (AU 00 (M d )) <C ^2kL n+ 1 |A A/+1 Afc| k M . In particular, let 
A = {AfejfcgN, Afc = k-V-WQnk)-*, 


where a > 0, then the Fourier series of any function f £ AC/oo(M d ) converges 
uniformly. A similar result is valid for P d (R). 

Remark 2. In terms of gamma function we have the following representa¬ 
tions for the constant JC(Wl d ): 


/C(S d ) 


2 r(^i)r(«i) 

* 3 / 2 ( r (!)) 2 


d= 2,3,4, - - - 


/C(P £ 


2r(^i) 

- r (i)p m 


d = 2,3,4,- •• 


2 r(^=i)r(|) 


£( P d (C)) = 


^ 3/2 r(f)r(^) 


d = 4,6,8, 


p (d=±) 

/C(P d (H)) =-= 8,12,16, - - 

V V " Trr (|) T (d±5) ’ 

K ( pW < Cfly » = 294912Q 1 -C 1 / 2 


Here we present the solution of the problem of Kolmogorov on sharp asymp¬ 
totic of the rate of convergence of Fourier series on sets of smooth functions on 
manifolds. First we will need some definitions. 

For a given multiplier sequence A = {A a} let 


_ r(n + S + 1) _ s 

n T{S+l)T(n + l) " 


n 

q5 _ \ ' 5 r, 

tJ n ~ / j ^n-m^rn- 

m—0 

It is known [Tj that 

f 1, 5 > (d — 1)/2, 

||^||i<< log n, 5={d- 1)/2, 

[ n (d-i)/2-i j 0 < 5 < (d- l)/2 


(22) 


Definition 1. Let T be the set of multipliers A = {AfcJ^gN such that 


lim 

m—too 


d -1 


^A s A m _ s C^_ s ^_ s 


s =0 


1 


= 0 , 
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and 


oo d 

E A d X k C d k - l S d k ~ l + E A s A„ + 1 C*5'* 

k=n-\- 1 s=l 

As a simple consequence of Theorem 1 we get 
Theorem 2 . Let A G T then 


0 (|A„ + 1 |||S£||i). 


sup ||/-5 n (/)|| p = /C(M d )|A n+ 1 |n( d - 1 )/ 2 (l+ 0 (l)) ) (23) 

feAU p (M d ) 


where p = 1, oo, A G T, M d = § d , P d ((C), P d (H), P d (Cay) and 

sup \\f - S 2n (f)\\p = /C(P d (R))|A n+ i|n (d_1)/2 (l + o(l)), p=l,oo. 

/eAj/ p (prf(R)) 

(24) 

Proof Since A G T then 


E 


Xk^k 


= |An +1 |||SSl| 1 (l+0(l)). 


fc=n+l 

If M d = P d (R) and {X k }keN € T then 


oo 

E ^k^2k 

k=n -\-1 


lA^m^iua+oa)), 


where 



n 

El ^n-m ^2mj 

m —0 


<5 > 0. 


Hence, applying Theorem 1 we get (23) and (HHl) . 

Remark 3. In particular, let Xk = (k(k + a + f3 + 1)) -7 / 2 , 7 > 0, t/ien using 
122 1) it is easy to show that for any fixed 7 > 0, A = (Afc} ne N G T and 


sup || f~S n (f)\\ p 

f&Wf(U d ) 

( ( 1 ’ d = 2 l\ 

= /C(M d )n _7+(d_1) / 2 + O n“ 7 ^ Inn, d = 3 ) ) , 

V [ n ( rf - 3 )/ 2 , d > 4 J / 

p = l,oo, AgT, M d = S d , P d (C), P d (H), P d (Cay), 

sup ||/ -S 2n (f) ||p 
/ew p 7 (P rf (R)) 

( { 1. <* = 2 U 

= /C(P d (R)) n -7+(d-i)/2 + q L-i Inn, d = 3 H 

V 1 n ( d -3)/ 2 , d > 4 J / 
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The case M d = § d was considered by C. Xirong, D. Feng, W. Kunyang (Esti¬ 
mations of the remainder of spherical harmonic series, Math. Proc. Cambridge 
Philos. Soc. 145 (2008), no. 1, 243-255). Namely, it was shown that for any 
7 > 0 and d> 2, 


sup ||/- -5 n (/)||oo = K d n 7+ 2 +H(n,j,d) 
fewZ,(s d ) 


where 


K d 


2^+2 (r (^)) 2 

7r 3 / 2 (d-i) (d_i)!r(|) 


sr(^) 

2(d+l)/2 7rT (d±2) r (d) 


_8_ ujd_ 

2 (d+l)/2 r (d±2) Wd+1 ’ 


u)d+i = fgd dcr(x), and H(n,-y,d) satisfies the condition 


( Cn 7 , if d = 2; 

|tf(n,7,e0| < < Cn“ 7 log n, if d = 3; 

\ Cn ~ 1+ ^, if d> 4. 

Unfortunately this result is incorrect. In particular, for any d > 2, 

2^+2 ( r (^)) 2 8 P (^ 1 ) 

7 r 3 / 2 (d -1) (d - i)ip (|) ^ 2( d + 1 )/2 7r r (^) r (|)' 
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